Very accurate variational non-relativistic calculations are performed for four higher Rydberg 2 D states (1s 2 nd 1 , n = 8, . . . , 11) of the lithium atom ( 7 Li). The wave functions of the states are expanded in terms of all-electron explicitly correlated Gaussian functions and finite nuclear mass is used. The exponential parameters of the Gaussians are optimized using the variational method with the aid of the analytical energy gradient determined with respect to those parameters. The results of the calculations allow for refining the experimental energy levels determined with respect to the 2 S 1s 2 2s 1 ground state.
I. INTRODUCTION
The NIST atomic spectra database 1 lists ten 2 D states among the 182 states of the lithium atom. These states correspond to the Rydberg electron configurations 1s 2 nd, where n = 3, 4, . . . , 12. An examination of the relative energies of these states reveals that higher Rydberg states of these systems, as well as their isotopes and ions, have been measured much less precisely than the lower lying states. For example, while for the lowest four 2 states) are reported with no digits after the point. Also, the 2 D 1s 2 12d 1 state is the highest for which the energy level is given. It is equal to 42 725 cm −1 . Recently we presented a set of very high-level calculations performed for the lowest five 2 D of the 7 Li atom where the relative nonrelativistic energies of those states were converged with the accuracy better than 0.01 cm −1 . 2 In the calculations we employed all-electron explicitly correlated Gaussian functions and optimized their exponential parameters with a variational approach that employs the analytical energy gradient determined with respect to those parameters. 4 000 Gaussians were used for each state.
The gradient-aided optimization has been key to obtain very accurate results in our calculations performed with various types of explicitly correlated Gaussian basis functions for a number of atomic and molecular systems. [3] [4] [5] [6] [7] [8] [9] The algorithms for calculating the energy and the energy gradient used in the 7 Li 2 D-state calculations, 2 as well as in the present calculations, were presented in our previous works. [10] [11] [12] They have been derived using a non-relativistic Hamiltonian that explicitly depends on the mass of the a) Electronic mail: ludwik@u.arizona.edu.
nucleus. This Hamiltonian, called the internal Hamiltonian, H int , is obtained by rigorously separating the kinetic energy of the center-of-mass motion from the laboratory-frame Hamiltonian.Ĥ int has the following form in atomic units:
where n is the number of electrons, r i is the distance between the ith electron and the nucleus, m 0 is the nucleus mass (12 786 .3933m e for 7 Li and 10 961.898m e for 6 Li, where m e = 1 is the electron mass), q 0 is its charge, q i are electron charges, and μ i = m 0 m i / (m 0 + m i ) are electron reduced masses. The Hamiltonian [Eq. (1) ] describes the motion of n (pseudo)electrons, whose masses are the reduced masses, in the central field of the nuclear charge. This motion is coupled through the Coulombic interactions, AsĤ int is explicitly dependent on the mass of the nucleus, it allows for direct calculation of energy levels of a particular isotope without resorting to accounting for the finite mass of the nucleus using the perturbation approach. Such perturbation calculations are performed in the commonly used approach after the initial nonrelativistic calculation is done with the mass of the nucleus set to infinity. The finite-nuclearmass calculation in this work are performed for the 6 Li and 7 Li isotopes. We have also performed infinite-nuclear-mass calculations by setting the mass of the nucleus in Eq. (1) to infinity. 2 In that work we showed that, when the excitation level increases from the lowest 2 D 1s 2 3d 2 state to the fourth 1s 2 6d 2 state, the energy difference between the experimental and the calculated energy converges to a constant value of −2.58 cm −1 . As the difference is clearly due to not including in the calculations the relativistic and QED effects, its constant value indicates that these effects become virtually identical as the level of excitation in the Rydberg series increases. An unexpected deviation from the −2.58 cm −1 limit appears for the fifth 1s 2 7d 1 state. This deviation happens not because the energy of this state is less tightly converged in the calculations, but because the experimental value is not as accurate as for the lower states. Recall that this experimental value is given with only one significant figure after the decimal point. 1 Another interesting observation can be made by the analysis of the calculated and the experimental energy differences (or transition energies) between adjacent 2 D states. As the excitation level increases the calculated energy differences converge almost exactly to the experimental energy differences. From the calculations, the differences are: 5340. 27 
II. THE REFINING PROCEDURE

III. BASIS SET AND ITS OPTIMIZATION
The basis set of explicitly correlated Gaussians used in this work to describe the 2 D states of the Li atom has the following form:
where electron labels i k and j k are either equal or not equal to each other and can vary from 1 to n. A k in Eq. (2) is an n × n symmetric matrix, ⊗ is the Kronecker product, I 3 is a 3 × 3 identity matrix, and r is a 3n vector of the electron coordinates. To assure that the Gaussians [Eq. (2)] are square integrable -this happens when the A k matrix is positive definite -we use the following Cholesky factored form of
where L k is a lower triangular matrix with matrix elements ranging from ∞ to −∞. With that, A k is automatically positive definite and the Gaussian is square integrable. Also the variational minimization of the energy, if it is done with respect to the L k parameters, can be carried out without any constraints. We use the spin-free formalism to implement to correct permutational symmetry of the wave function. In this formalism, one constructs a symmetry projector acting on the spatial parts of the wave function to enforce the desired symmetry properties. The construction can be done using the standard procedure involving Young operators as described, for example, in Ref. 13 . For 2 D states of lithium, the Young operator can be chosen as:Ŷ =(1 +P 34 )(1 −P 23 ), where the nucleus is labeled as 1, and the electrons are labeled as 2, 3, and 4,1 is the identity operator, andP i j is the permutation of the ith and jth electron labels. As the internal Hamiltonian [Eq. (1)] is fully symmetric with respect to all electron permutations, in the calculation of the overlap and Hamiltonian matrix elements,Ŷ may be applied to the ket basis functions only (aŝ Y †Ŷ ). The basis set for each of the four states considered in this work has been optimized separately. The optimization involved minimization of the variational energy functional in terms of the L k parameters and the i k and j k indices of the Gaussians. As before, the analytical gradient has been employed in the minimization. A more detailed description of the procedure can be found in our previous works. 2, 12 The basis set optimization have been only performed for the 7 Li states. In the 6 Li and ∞ Li calculations we only readjusted the linear expansion coefficients of the wave function in terms of the Gaussians (through the diagonalization of the Hamiltonian/overlap matrix). in hartrees) of the 1s 2 7d 1 , 1s 2 8d 1 , 1s 2 9d 1 , 1s 2 10d 1 , and  1s 2 11d 12 D states of 7 Li with the number of the Gaussian basis functions. The 6 Li and ∞ Li energies are also shown for the largest basis set of Gaussians used for the particular. 
IV. RESULTS
While it was sufficient to use 4 000 Gaussians in the basis set to achieve the sub 0.01 cm −1 convergence of the transition energies for the five lowest 2 D Rydberg states of 7 Li, in the calculations of higher members of the series more basis functions are needed to achieve the satisfactory convergence of the energy. As it is shown in Table I , it takes 6 000 Gaussians to have eight digits in the energy of the 1s 2 8d 1 state converge, but even with 7 000 Gaussians the seventh digit of the energy of the 1s 2 11d 1 state is not quite yet converged. In Table I we also show the energies for 6 Li and ∞ Li obtained with the basis sets generated for 7 Li without reoptimization of the Gaussian exponential parameters.
The energies from Table I obtained with the largest basis set generated for each state are used to determine the relative energies with respect to the ground 1s 2 2s 1 state shown in Table II . The comparison of these energies with the 7 Li experimental values 1 shows that (as mentioned above), where those latter values are available with the accuracy of two significant figures after the decimal point, the calculated/experimental difference is constant and equal to −2.58 cm −1 . This difference (see Table II states not being quite yet constant with the n value at n = 11. In order for the refinement procedure to work, the energy difference between the 1s 2 6d 1 state (the highest state for which the experimental energy is determined with two significant digits after the decimal point) and the 1s 2 nd 1 , where n > 6, has to be well converged. This convergence is shown in Table III . As one can see, while the values of the difference for the n = 7, 8, and 9 states are essentially converged, the convergence for the next state (n = 10) is within 0.03-0.10 cm −1 and for the n = 11 state it is about 0.1-0.3 cm −1 . Clearly, more basis functions are needed to fully converge the energy for this last state. Though it is doable, at present it exceeds the practical limits of our computational capabilities.
The (1s 2 nd 1 -1s 2 6d 1 ) energy differences obtained with the largest basis sets generated for particular states, along with the experimental energy of the 1s 2 6d 1 state and the abovedescribed refinement procedure are used to generate the estimates for the energies of the 1s 2 nd 1 , n = 7, . . . , 11, states. These estimates are compared with the experimental values in Table IV . Based on the convergence patterns we assigned to each energy a rough estimate of the error. The comparison allows us to claim that the refined values of the state energies are more accurate than the experimental counterparts.
V. SUMMARY
In conclusion, it should be noted that at present time the above refinement procedure can only be applied to higher Rydberg states where the relativistic and QED contributions to the transition energies between the considered states are negligible. Also, the procedure assumes that relatively high Rydberg state is experimentally very accurately determined (in our case it is the 1s 2 6d 1 state for the 2 D Rydberg series of the 7 Li atom). The same procedure can also be applied to determine the energies of states not yet experimentally measured such as the 1s 2 nd 1 2 D Rydberg states of 7 Li for n > 12.
